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The effect of vacuum polarization on the propagation

of charged particles and light

O efeito da polarizagdo do vacuo na propagagdo
de particulas carregadas e luz

Simon Davis!

Abstract

An examination of the physical phenomena of vacuum polarization provides support for the effect of
the properties of the medium on the propagation of charged particles and light. The implications for the
elementary particle physics and relativistic quantum mechanics are discussed. The relation with dark matter
has implications for J vs. M? plot of astrondmical objects and the w-parameter.
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Resumo

Um exame do fenémeno fisico da polarizagdo do vacuo fornece suporte para o efeito das propriedades
do meio na propagacdo de particulas carregadas e luz. As implica¢des para a fisica de particulas
elementares e mecAnica qudntica relativistica sdo discutidas. A relagdo com a matéria escura tem
implicagdes no grdfico J vs. M? de objetos astronémicos e no pardmetro w.
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Introduction

The equivalence principle is complemented by the postu-
lated constancy of the speed of light in different frames of
reference. However, vacuum polarization and Cerenkov
radiation, with the restriction on the angle of the co-
herent radiation emitted by a charged particle travelling
faster than -, where n is the refractive index and vac-
uum polarization!), are suggestive of additional theory
for propagation of systems in a medium.

While the factors in Lorentz transformations were de-
rived by the invariance group of the Maxwell equations
and the null cones, representing the directions of past
and future wavefronts(~), these factors in vacuum have
been alternatively explained through contact of the pho-
ton with elements of a medium. The FitGerald-Lorentz
factor(>13:14) for the contraction of lengths in moving
systems was derived initially through two different ap-
proaches to the propagation of light. Invariance of the
Maxwell equations under a group of transformations of
the electric displacement and magnetic fields and the
time and spatial coordinates. It was demonstrated that the
formulae for the displacement and magnetic fields had
the same form in the new coordinates as the functional
dependence of the original fields in the first set of coor-
dinates. Evaluation of the momentum of the elecromag-
netic system in the new coordinates and the acceleration,
and equality between the electric and intertial masses, led
to an expression to an equation for the multiplicative fac-
tor satisfies

d(v - v) 3
= 1
i Y ey
which has the solution v = L__ 1t followed that

1-v2)2
distances in the direction of t(he m)otion of the system
were contracted through multiplication by a factor of %
whereas perpendicular distances were unaffected.

Similarly, combining the theory of gyrostats of Kelvin
with a postulate of the medium, through which an object
moves, the the electromagnetic forces on the electrons in
the medium would cause the body moving with uniform
velocity v to be contracted by a factor of ——— in
(1—v2/c?)2
the direction of motion. Postulating the existence of an
aether with a potential, the effect on a material system
could be computed through the integral solutions to the
electromagnetic equations.

The electric flux and the aether strain were combined
in a modified form of Maxwell’s equations, determining
the motion of particles in the medium. One of the prob-
lems of the model was the constitution of the aether by
charged particles, as the electrostatic energy would be
too large for the Universe to have an €2 = 1 cosmology,
and this paradox shall be outlined in §3 and resolved in
85. Nevertheless, the theory not only yielded the contrac-
tion factor but also a physical cause for this effect. While
it may be suggested that it is not necessary to introduce

any new physical hypotheses, the advantage of a tangible
basis for the effect becomes clear at the quantum level.

This result, together with the interpretation of light as
an electromagnetic wave, has led to the a theory of the
motion of photons in a medium that has been character-
ized as aether consisting of charged particles®=10) 1t
will be demonstrated that an identification of the aether
with charged dark matter would yield an electrostatic po-
tential energy that is @(10*2) times larger than that of
the observed Universe. This dilemma may be resolved
by identifying the aether with vacuum polarization and
clouds of virtual particle-antiparticle pairs. For example,
while electron-positron pairs are effectively neutral, the
effect of the medium through the Lorentz factors still can
be given a theoretical basis.

This model is consistent with relativistic theory with
Lorentz transformations of four-vectors in space-time
and the speed of light derived from the parameters of the
electromagnetic field. Furthermore, the problem of the
electrostatic potential energy is solved and a derivation
of the gradients of the J vs. M? plots follows from the
identification of the identification of the angular momen-
tum generated by the dark matter in addition to that of
the gravitationally interacting matter.

The effect of a nontrivial quantum electrody-
namic vacuum on the propagation of light has been
evaluated?), yielding a general formula based on the
scale anomaly of the Lagrangian(!?). The effects are
known not to be currently measurable, although it has
been established that velocities are decreased for a low
magnetic field and strong magnetic fields('?), and the ef-
fects are detectable. These results confirm the effect of
the medium on the light propagation as well as that of
charged particles.

The Computation of the Slope of the J vs. />
Plot for Astrophysical Objects

The estimate of the electrostatic potential energy of dark
matter consisting of charged particles will be based on
a value for the energy that can be derived from the J
vs. M? plots for astronomical objects (1>16:17)  With
a weighted average of o, the heterotic string slope for
gravitationally interacting systems and o’,__, the value of

elec’
o at astrophysical objects can be determined. Given that

9202
32m2G
3.166286989 x 1073¢g%c2 /G (2)

Hhet

it follows that
c

2T het

O‘;Let -
&
27(3.166286989 x 10-3¢2¢2/G)
= 5.026548245 x 10%G//c 3)
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The percentages attributed to the matter arising from the
fields in the fundamental heterotic string effective ac-
tion and dark matter in the Universe refer in the low-
energy limit to the gravitational potential energies mea-
sured in this proportion. Since the gravitational poten-
tial energy of two masses is % and equals %[2
for equal masses, the percentages correspond not to the
masses but M/ 2. Suppose then that the purely gravitation-
ally interacting matter satisfies

Jgrav = Opgy M2 “4)

grav-"*grav

and the angular momentum of the electon-positron pairs

Jetec = Oyoc M2 5

elec*

Then the angular momentum of an object consisting of
both types of matter in proportion ¢; and ¢y is

Jast = algmv(]VF)gmv aa aélec(MQ)elec
algrav(cl(A/lg)aSL) + Ctielec(CQ(]\IQ)aSt)

(Cla;rav = CQaélec)(M2)ast 6)

which equals o/, (M?) s only if

ast
/ / 0 7
Clagrav + C2llelec = gt ( )
The last equation is equivalent to

C10hy + 20l = ¢1(5.026548245 x 10%G/¢)
4+ 2(1.3703599911 x 102G /c)
1 + =1 (8)

which has the solution

c1 = 0.719229926
co = 0.280740074 )

The percentages of neutral gravitationally interacting
matter and dark matter agree excellently with the ob-
served values, which provides support for this model.
The potential paradox of a electron-positron pair, be-
ing neutral in its entirety, and the use of the electromag-
netic parameter o/, shall be resolved in §5. The entire

angular momentum is constructed by the addition of in-
finitesimal angular momentum vectors in the medium.

A Calculation of the Electrostatic Potential En-
ergy of Charged Dark Matter

The measured energy densities of the baryons, dark
matter and dark energy have been estimated to be and
70 4+ 10%(15=29 Amongst the viable cosmological mod-
els currently is the AC' DM model, with the dark energy
identified with A term(1).

The effect of vacuum polarization on the propagation of charged particles and light

Suppose that the fraction of the squared mass that is
derived from the original Lagrangian field theory and in-
teracts gravitationally is
71.9229926%, whereas
Qcpym = 0.280740074. The energy of the Universe is
1.148814903 x 10%° eV from the critical density and the
comoving radius>"). Consequently, the corresponding
gravitational potential energy of the dark matter would
be

0.280740074
0.719229926

= 5.538120516 x 10%%V (10

) (1.418814903 x 10”V)

The spherical volume of Universe with a comoving ra-
dius of 4.3353942 x 10%%m is

4T (4.3353942 x 10°°m)?
= 3.413299413 x 10%9m?
413200413 x 101104 (11)

3
= 3
Suppose initially that the dark matter consists of elec-
trons and that the number equals N.- ;4,1 master- Given
that only half of the Universe can be observed, the aver-

age volume occupied by an electron is

13.413200413 x 10'104°
27 N

e~ ,dark matter

1706649707 x 10110 43
= N (12)

e~ ,dark matter

while the mean distance between the electrons is then

ax L
3 1706649707 x 10'10.4°\ ?
4 Ne‘,darl@ matter

3.44104657 x 10364
- N (13)

e~, dark matter

If the electrons are arranged in a three-dimensional array,
with the number of sites at each level being 18¢2 — 6¢,

lmaz

> (1862 —60) = 3lmaz(lmaz +1)(2lmaz + 1)
=1
- 3£mam(£mam + 1) (14)

and the number of levels is

1 3
émaz = (6Ne—, dark matter) (15)
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The sum of the reciprocal distances then becomes

4.335265245 x 10364 \ 7'
lmax
Py ( N f) X
e~, dark matter
(180% — 60)
B (4.335265245 X 1036A> o
Ne*, dark matter
(gg'?naac + 3277“11)
= (4.335265245 x 106 4)71 x

9 8 3 N
_ZNe—, dark matter + _lN
63 63

e—, dark matter
(16)

The gravitational potential energy of charged dark
matter would be

(6.682669 x 10~°7(eV)~?) -
Ne—, dark matter

5 -(0.511 MeV)?.

(4.335265245 x 1036 4)~1 .
(1.9752479 x 103V — A) -
9 5 3 4
_ZNe{, dark matter + _LN;*, dark matter
63 63
8
—78 3
~ (216707 x 107 eV)NZ [ er
= 3.983182 x 10%%eV 17
It follows that
8 3.983182 x 10%%V
e, dark matter = 216707 x 10-"8eV
= 1.8380495 x 10167 (18)
and .
Ne“, dark matter ~ 5.29 x 1062 (19)

To determine the electrostatic potential energy of the
dark matter, with

Nm?

_ 9
k = 8.897x 10 =
e = 1.6022x 10~ °C

ke? = 14.39917514eV — A, (20)

it can be approximated, for a uniform distribution, by

(14.399175514eV — A) -
(5.29 x 1062)2

. :
(4.335265245 x 10%64)~1 .

9
(529 1062)3. @1)
3

The electrostatic potential energy of uniformly dis-
tributed charged then would be 8.32 x 10! eV, Other

36

distributions of the charge also yield values which are
too large. The effect of the configuration of the charges
on the potential energy is examined in Appendix B. For
sufficiently low velocities, the kinetic energy of the con-
stituents of the dark matter would not add significantly to
the energy of the electromagnetic field.

Since the electrostatic potential energy of dark mat-
ter consisting of a uniform distribution of electrons is
O (10! eV), whereas the observed energy of the dark
matter in the universe is O (10%Y eV'), the upper limit on
the fraction of charged particles in the dark matter must
be

3
89 g
o <<3.983182 % 10 eV) ) — o). @)

8.32 x 10141 eV

Therefore, the model of aether consisting of charged
particles must be changed to one with primarily neutral
objects to obtain consistency with the energy of the ob-
served Universe. It has been suggested further that var-
ious types of matter such as neutrinos, the supersym-
metric partners or axions could could contribute to the
dark matter. While these models are consistent with the
zero net charge of almost all of the constitutents of dark
matter, the computation in §2 shows that an essentially
electrical component is necessary. The prediction of the
slope of the .JJ vs. M? plots would not be a property of the
approaches based on neutrinos, supersymmetric partners
and axions because of the neutrality of these particles,
which also not postulated to have a substructure.

The resolution of the theoretical paradox implied by
the two physical conditions following from the discus-
sion in §2 and this section is provided by virtual electron-
positron pairs resulting from vacuum polarization. This
model of dark matter is supported by a conjectured solu-
tion to the potential problem of density cusps at the cores
of galaxies through the annihilation(22),

Investigations of the dark energy have been related to
the w parameter, where w = %, and other statefinder
parameters(>?), Observations of the cosmological accel-
eration of galaxies reveals that —1.4 < w < —0.65 for
0.15 < Qn < 0.4(2426) " The use of vacuum energy
as a model for dark energy also has been questioned ?7),
based on the decrease of the magnitude of A and the con-
stancy of quantum fluctuations of the fields and the ge-
ometrical basis for a non-zero value of A in certain ge-
ometries arising as solutions of gravitational field equa-
tions. Moreover, from the foregoing analysis, it would
be not be feasible to identify both vacuum energy as the
source of more than one major component of the total
energy. Instead, given the existence of a large value of A
during the inflationary era, it is more likely that the dark
energy may be traced to a scalar potential in a fundamen-
tal quantum theory such as heterotic string theory (21:2%).
Even though it is preferable then to distinguish between
the sources of dark matter and dark energy, quintessance
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models(9—31) and theories of unification of these two

types of energy(m) utilize a generalized scalar field La-
grangian, which is consistent with the interpretation of
the dark energy given here.

The Creation and Annihilation of Particle-
Antiparticle Pairs

One of the postulates of special relativity, that all phys-
ical laws hold equally in different frames of reference,
may be verified by the decay of elementary particles.
Energy conservation prevents the decay of particles into
products with rest masses that sum to a greater mass.
However,this inequality is verified again in Appendix A
if the initial particle has sufficient momentum.

The physical effect of particle-antiparticle pairs is con-
firmed by a semiclassical model of the electron-positron
creation and annihilation. This two body system may be
described by the equation

2ymec® +U(r) =0 (23)

where 7 is the distance from the axis of symmetry of one
of the particles, R = 2r is the distance between the par-
ticle and antiparticle and U (r) is the sum of electric and
magnetic components of the potential *2)
2
e Lle
Ur)=—-———-2——. 24
() 2r T (2r)3 @4)
At a maximum separation between the particle and an-
tiparticle, Ryqe = 27maz, 7 = 1 and

2 2
e 1
2Mec® — —— — 2L = . (25)
‘ Rmam Rrsnam
An estimate of R,,,,can be derived by presuming that
Rinaz = px - ctHe, with the interval for the virtual pair to
exist by quantum mechanics being

h
ty = —2—. 26
H=5" 5 (26)
Since 5
ge g
= — = =.2ect 27
He Qmec 2 2 €CUHe ( )

where g is the Landé factor and
Up p? 1 9\2 (ctre\?
_:2_6_:8.(_) 28
Ve e? R2 2 R (28)
it follows that, at maximum seperation,

2 2

P e

1+ 2]-(—2 - ):0 (29)
8(%) RWLG.[E

2mec2 +

and

1

2\ 3 2 3
Rfmaz = ( :U‘52> 1+ P D]
me) [

(1.0625)3 (4.7 x 10~ "m)  (30)

Q
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if p« ~ 3. From Eq.(4.1),

2’ym62—ﬁ—2 He _g 31)
© AR (/R
such that
e? + 2u2
YR R3
’y — 32 +’Y 2”% (32)
Rmaz " R} o0
Given that
A .
Rinaz 8(%)2 R’fSTLaz
2 2 2
e p(v)Q, uey (33)
I IO
2
1+ P(’Y) :| 3
74 — |: 8(%)2 Rmaw . (34)
14 £ it
8(3)"
As
2
R 7 R \?
== 35)
('yRe)g 8(5) He
=
If’)’2 ~ (Rmaz>§’
3
72 . R2 ~ an;x . R2
R2
1 3
= R§R12naz
2
~ Fyingnaz' (36)

Consequently, the function p(-y) can be estimated to be
'y_§ over over much of the trajectories of the particle and
antiparticle. The maximum value of the multiplicative
factor in Eq.(4.12) is 1, whereas the minimum values is

2 | a2 d
{”s@f] Salodats

2 -1 1
i ~ 3
L+ )2:| 1.0625 (37)

1 3
Let % & (1) 2 (Bgp=)? = ¢~3 for the initial por-
tion of the trajectory and p(y) — px as R — Ryaq, With
¢ -5~ (%) 2 near the point of maximum of separa-
tion. Integrating

dt = :I:L (38)

C\/l—Q%

yields a semiclassical estimate of the time of the creation
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and annihilation process of

1
tq(;le) —92. 1/(1.0625)3
¢ Jo

Rmax

dr
N 3
\/1 — (1.0625)3 (%)2
Rmaz
1 2
2.1 /
c 1 Rmaz
— T
(1.0625)3
d
—TB (39)
R 2
- (525)
With the variable ¢ = (1.0625)3¢,
(1) _ Rz / t +
fue (1.0625)3 ¢ /i _ 5;
Rmam - (40)
(1. 0625)3 1 - <§
With the change of variables w = 1 — (2, 3
.
2 3
and, setting w = sin20
2 1
- / / (cos 0) 3d (42)
3 Jo wz (1-

yielding an equality with trigonometric integral. Further-

more,
/1 /arc sin[(0. 0298575)7] .
(cos §)3d6
1
(1,0625)’3 V 1- Cz
(43)
Let b
T(b) = / (cos 0)3d 44)
0
such that the Taylor series is
T// T///
T(b) = T(0)+T'(0)b+ ( )b2 ( )b3
L3
= b— 1—8b + (45)
and
T(0.173665) ~ 0.173374. (46)
Then

B~ 2.71788 x 10™2sec(1.0625) -
1 40.173374
(1.0625)% 3 1.7247

= (2.71788 x 10~22sec)(1.0625)5 (1.1140268)
3.0894897 x 10722 sec 47

38

In string theory, the paths are represented by surfaces
defining the super-worldsheet trajectories. Replacing the
point-particles by strings and using the effective closed
string coupling of m, The average time for a real
process would be given by a weighted sum over the genus

1 1
(24.35097904)2 (3t5,5))+...

(48)
because the splitting and rejoining of strings in a genus-
two surface should occur in twice the time as that of a
one-loop process, tS}e). The coefficient o; can be cho-
sen such that the sum of the coefficients equals 1. While
a weighted average over the space of super-worldsheets
could be included, this supermoduli space also may be
identified with the space of metrics modulo diffeomor-
phisms and Weyl rescalings, implying that the time vari-
able can be adjusted to the original value through a
change of affine parameter, and there would be a can-
cellation of supermoduli space integrals.

1
W, 1 o
otoe +53engrg0q (Pee )T

(49)

1— -2
— 24.35097904
el I T

24.35097904

The average time equals

tve = (a1 +0.0874835)t() =
(0.95717303 4 0.08748808)t ¢

= 1.04466111¢(V. (50)

From Eq.(4.25), it follows that

te ~ (1.04466111)(3.0894897 x
10722 sec) = 3.2274697 x 10~ 2 sec  (51)

which compares well with the bound derived from the
uncertainty relation.

The Quantum Theory of Light and Vacuum Po-
larization

Since quantum field theory represents a unification of rel-
ativity and quantum mechanics within a functional an-
alytic framework, its predictions are supported by the
validity of the Lorentz invariance at the quantum level.
Amongst the predictions of quantum field theory is the
occurrence of virtual particle-antiparticle pairs in the
vacuum. The initial effect of the particle-antiparticle
pairs is the change in the strength of the force through
renormalization of the coupling. In addition to depen-
dence of the coupling on the energy, it can be established
that the potential is effectively modified as a result of this
renormalization. This is particularly relevant to the quan-
tum theory of gravity where the problem of the curvature
singularity is expected to be resolved.
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It remains to be shown that the conclusions of the
theory of aether on the speed of light, the FitzGerald-
Lorentz factors, while providing a resolution of the prob-
lem of the electromagnetic potential energy of the aether,
are also consistent with the conclusions of §2 regarding
the slope of the J vs. M? plot for astronomical objects.
The velocity of light is calculated again from the ratio of
the coefficients of potential and kinetic energy integrals
resulting from the generalized Maxwell equations. It has
been shown that the potential energy of the aether is

Epot = %B/(fQ + g% + hdr (52)

where (f,g,h) is the electric displacement of the
aether(®).

Although an electron-positron pair has zero total
charge, it possesses a moment, and therefore angular mo-
mentum, as a result of the pair being an electromagnetic
couple. Furthermore, the moment would be F'd, where
F'is the magnitude of the force exerted by the electron
or positron and d is the distance between the electron
and positron, which then would equal the % (f,g9,h). A
couple and a coplanar force are equaivalent to the action
of a force at a distance thereby introducing angular mo-
mentum to the system. Consequently, the virtual pair is
precisely the object to create a rotational energy that is
equal to the potential energy of the aether (5.1) because
it is proportional to 12, where I is the moment of inertia.

As the photon propagates in the original theory
through contact with the electron, this theory may be
rephrased when the medium contains electron-positron
pairs. The photon then must have local interactions with
the electrons and positrons in vertex diagrams, and the
propagation of the states through further contact gives
rise to addition of the angular momentum vectors and
a contribution to the rotation of astronomical objects.
Consequently, this generalization of the original model
is consistent with the current experimental evidence.

The effect of vacuum polarization on the propagation of charged particles and light

Appendices

The Creation of Final State Pairs from an Initial
State with Momentum

Energy and momentum conservation

E FEi+ Es
7 P+ Pa (53)

The momentum conservation relation implies that

77 =P + p2]® + 271 - P (54
and
E = I+ = \/|if? +m3 + /|pef? + m3
(55)

It is now intended to determine the maximum value of
m1 + mg Squaring Eq.(A.3) gives

P> +m® = |pi|* +mi+ |)* +m3
+ 215112 + miV[Pal? + ma
2p1 - Pp = mi+mj

+ 2182+ m3y /Bl + m3 (56)

Suppose that p; and po are chosen to be collinear such
that 91 - P2 = |p1||p2|. For this reaction,

(m1 +mg)? = m® + 2P ||pa] +
Amims — \/I51[2 + m/ |l + m3) 57)

Consider now the inequality

71172l /17112 + iy 15al? + mtmama < 0 (58)
This would imply that

[P 152l” +mim3 + 2|pi[|p2lmame <
5121711 +mim3 + 71 *m3 + |pa|*m?
(59)

or
[P11*m3 + |Fol*m? — 2|pi||[P2lmima >0 (60)

which is clearly valid.
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The Effect of the Distribution of Charges on the
Electrostatic Potential Energy

Consider a uniform distribution of charges. The change
in the potential energy with respect to a change in the
position of a single charge is

0V = GLox+ GLoy + G562
= —F,x — Fyéy F.é6z (61)
Since V=3, - < Fy = ff— and, in the coordinate
ij

directions, the forces are

[

Fijz = ;fxm
ij
2
L=

ijy @yw

62

Fij, 3% (62)
ij

Suppose that the positions of the charges are projected to
the coordinate axes. Then, it follows that there is an or-
dering of the z-coordinates, for example, and the charges
may be labelled according to this z-coordinate. The fol-
lowing constraint in an approximately cubical configura-
tion

(63)

N-1
Z Lig, ig,+1 = Vs
lx=1

and similarly, with the labelling defined by y and 2z coor-
dinates,

1
Z yi@y’iey+1 =Vs
0,=1

N 1
Z Rig, g, +1 = Vs
=1

(64)

The forces and the change in the electrostatic potential
energy can be evaluated subject to these conditions for
each coordinate direction. It is useful, therefore, to con-
sider a linear set of charges. For three charges, with the
distance from the edge to the center being r, the potential
energy is 5. If the central charge is moved to the right
by dr, the potent1a1 energy becomes

62 62 62
rror o

2e2r . e
r2 —(6r)2  2r
5e2

> o (65)

r—or

The potential energy of n charges evenly distributed

along a line is

C e
ro2r 7 (n—1Dr
R
roo2r 7 (n=2)r
+ o (66)
2
+ —
r
-2 -3
- kn—D n +” }+m
N ¢
n—2 n—l r
Deﬁmng the function U( )=n+314l 41 v(2) =3,
v(3) =3, v(4) = 12and
n n
—l)=n-l4+c—1+o—1+..
v(n—1)=n tg it -1+
n
-1
+n—l
1 1
<1+2+ +j>7(n71)
=np(n—1)—(n—-1) (67)
v(n)~(n+1l)inn—n

If an interior charge located a distance ¢ from the left-
most charge is shifted by dr, the electrostatic potential
energy becomes

62 62 62

7+...+£T+—6T+...+m

62 62 62
+ ?-I—...—Fm-l— +m
+ ﬁ-i-é-i- i

2r "'+(n—€—2)r

+ — (68)
Comparing % +
ngh 2 2 2
Eri5r+(fﬁw+"'+riﬁ+£ﬁ+ﬁ+'“+

——5,» the second expression is larger when n —
1 > 22 and or > 0. If n — 1 < 2/, the distances may
be measured from the rightmost charge, and the same
conclusion is reached if the charge is moved to the left
by a positive amount. However, if n — 1 < 2/ and the
charge is moved to the right by dr > 0, the electrostatic
potential energy is lowered. For example, a shift of the
third charge in a configuration of four charges yields the
potential energy

2 2 2 2 2
(Zi—l)v"+"'+67+%+%+"'+(n—i7—£)r

2e2r
72 — (67)2

11 e2 e?
6 r 2r+or

(69)
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An expansion in 57’” of

e? n 2e%r e?  2¢?
2r+6r  r2—(6r)2 2r 1

e 1e (or\t e o)t
dr \ r 8r r 167 \ r

652 (or\*
o (2~

(70)

gives

For ‘ST—T < %, this sum is negative, and the electrostatic

energy is lowered, which is also consistent with the esti-
mate of the forces on the charge. Amongst the configu-
rations of four charges, with only the third charge being
shifted, the minimum value of the electrostatic potential
energy is approximately

13 1 \e?
el 72
( 3 136) r (12)
This analysis can be extended to the y and 2z coordi-
nates and three-dimensional arrays, It follows that the
potential energy of the uniformly distribution of charges

is not significantly different from the global minimum
represented by a slightly perturbed configuration.
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